We present numerical experiments for a nonoverlapping domain decomposition method with interface relaxation for general selfadjoint and non-selfadjoint elliptic problems in two dimensions. The procedure contains two steps in each full iteration. The transmission condition on the interface is taken to be Dirichlet in the rst step and Neumann in the second. However, in the presence of interior subdomains, an average mechanism is introduced at each cross-point to update the value at these points immediately after the Neumann sweep. Numerical examples show the rapid convergence of the method.
Introduction
Nonoverlapping domain decomposition methods have received much attention during the past few years, due to their easy implementation and com-puter memory savings in comparison to overlapping domain decomposition methods. For recent developments of nonoverlapping domain decomposition methods, we oer the nineteen papers in our reference list, along with numerous others in their references.
In this paper, we conduct numerical experiments for a nonoverlapping domain decomposition method for elliptic problems, selfadjoint or not, with Dirichlet boundary conditions. Our domain decomposition procedure is similar to the one considered elsewhere [19] , but here we introduce underrelaxation on the interface of subdomains and an averaging mechanism at cross-points of subdomains to ensure convergence. Each full iteration of the domain decomposition procedure contains a Dirichlet sweep, in which we solve Dirichlet subdomain problems, and a Neumann sweep, in which we solve Neumann subdomain problems, except that Dirichlet boundary conditions are still imposed on the intersection of the boundaries of the original domain and the subdomains.
We will compare the convergence behavior of this method between nonselfadjoint and selfadjoint problems, between full-tensor diusion coecients and diagonal diusion coecients, and between variable coecients and constant coecients. In x2 and x3 we dene the domain decomposition method. In x4 we give a nite-dimensional discretization for the subdomain problems based on nite dierences. Finally, in x5 we report some numerical experiments and draw some conclusions in x6.
The method and the experiments are given for domains in R 2 in this paper, but the technique clearly is applicable in R 3 . (2) The coecient matrix fa ij (x; y)g is assumed to be symmetric, uniformly positive denite, bounded, and piecewise smooth in . Also, assume that b i is smooth and bounded and that a 0 0:
We assume that is partitioned into two nonoverlapping (not necessarily connected) subdomains 1 1 \ 2 = 0; @ 1 \ @ 6 = 0; @ 2 \ @ 6 = 0: We denote the interface by 0 = @ 1 \ @ 2 . Red-black ordering allows the decomposition to contain more than two physical subdomains, such as shown in Figure 1 . We should also assume that the coecient a 0 in Eq. (2) be positive on interior subdomains in order to let the Neumann problems on interior subdomains have unique solutions. It is well known that, under suitable regularity conditions, the problem Eqs. (1)- (2) is equivalent to the following split problem: (10) where 2 (0; 1) is a relaxation parameter that should be determined to accelerate the convergence of the iterative procedure. In our numerical experiments reported below, we chose = 1 2 . Eqs. (7)- (8) will be called a Dirichlet sweep, and Eqs. (9)- (10) a Neumann sweep, throughout the rest of the paper.
Due to the pathological properties of the spaces H 1=2 (0) and H 01=2 (0), Eqs. (7)- (10) should be understood heuristically under the assumptions on the data, the domain, and the coecients. However, its nite-dimensional discretization in variational form can be stated rigorously. data (g 2 H 1 (@) and f 2 L 2 (), say) and coecients and convex, connected components of the subdomains, it is easy to see that the domain decomposition procedure is dened; what is necessary is that the trace of the conormal derivative of the solution of the subdomain problem on k lie in L 2 (@ k ), so that it can be localized to portions of @ k .
The idea of the domain decomposition method is to impose continuity of Dirichlet values and Neumann values (uxes) alternatively in the iterative process such that the limit of the solutions of Eqs. (7)- (10) converges to the solution of Eqs. (3)- (6) . Note that, at the dierential level, the limit of the solutions of Eqs. (7)-(10) will have continuity of Dirichlet and Neumann values simultaneously across the interface 0 if the procedure can be carried out and converges.
The Finite-Dimensional Discretization
In this section we describe a nite-dimensional discretization for Eqs. (7)- (10) based on a second-order nite-dierence method. Assume that the domain is overlaid by a rectangular grid h = f(x i ; y j ) : x i = a + ih x ; y j = c + jh y ; i = 1; 2; : : : ; I; j = 1; 2; : : : ; J g:
Then, at each grid point O = (x i ; y j ), as in Figure 2 , in the interior of a subdomain k , we have the following nite dierence equation:
where U k (N), for example, denotes the approximate solution on subdomain k at point N , and a 11 (OW 2 ) denotes the value of a 11 at the middle point between grid points O and W . We apply this standard nine-point nitedierence scheme for every subdomain problem at each iteration level. 
The Dirichlet value D 0 (O) with an underrelaxation average will be used in the boundary condition for the Dirichlet sweep (Eqs. (7)- (8)), and N 0 (O) with an underrelaxation average will be used for the Neumann sweep (Eqs. (9)- (10)). This will ensure continuity of Dirichlet values and Neumann values when the iterative procedure converges. It is easy to see that the limit of the iterative solutions satises a nine-point nite-dierence equation at all grid points, including interface points. For a cross-point O (see Figure 4) 
Note that each subdomain problem computes a value at point O and these values may be dramatically dierent from each other. Eq. (11) computes the solution to the dierence equation at O using the latest values at the surrounding eight grid points, and we then assign this average to subdomain solutions at the cross-point; underrelaxation is not applied to the updating of the cross-point values in our implementation. Some such averaging mechanism at cross-points immediately after the Neumann sweep seems to be necessary to achieve convergence. 
Numerical Examples
In this section we present some numerical experiments for the iterative procedure given by Eqs. (7)- (10); we applied the discrete scheme described above in We rst decomposed the domain into 10 subdomains i = (0:1(i 0 1); 0:1i) 2 (0; 1); i = 1; 2; : : : ; 10;
in the x-direction. (By coloring odd-numbered subdomains red and evennumbered subdomains black, we still can view this as a two-subdomain case.) The L 1 -errors between the iterative solution and the true solution over all subdomains are given in Tables 1 and 2, while in Tables 3 and 4 we show the dierences in the iterative solutions between the current and previous iteration levels. For the 40240 mesh, there are 5 grid points in the x-direction and 41 grid points in the y-direction on each subdomain. Comparing the results in Tables 3 and 4 , which corresponds to an 80 2 80 mesh, indicates that the convergence rate is about the same for dierent grid sizes.
Domain Decompositions with Cross-Points
We then decomposed the domain into N x 1 N y subdomains with N x subdomains in the x direction and N y subdomains in the y direction. See Figure 1 for an example of 4 2 3 decomposition. At each cross-point, we applied the averaging mechanism discussed in x4. The results are shown in Tables 5 and Table 2 , there are only 7 grid lines in the x or y direction on each subdomain. It should be noted that the number of iterations is getting slightly larger when the grid gets ner. The number of iterations required for the process to stop depends on the condition number of the problem and is dierent for dierent examples. Also, note that independence of the number of iterations upon the grid size was proved [19] only for strip domain decompositions. Numerical experiments show that this method performs quite well for a wide range of problems including non-selfadjoint problems and variable coecient problems with full diusion tensor. Although a convergence analysis for this method can be made [14, 19] when there are no cross-points, we treat here solely an experimental approach. For domain decompositions with cross-points, we provided an averaging mechanism that appears to ensure convergence; a somewhat similar treatment was also considered by Marini and Quarteroni in an unpublished note made available to the authors.
We can also consider nite-dimensional approximations to the domain decomposition method using nite element methods (with or without Lagrange multipliers) and mixed nite element methods [6, 14, 19] .
